We give a sufficient condition which insures the realizability of a two-dimensional chain complex satisfying Wall's condition by a two-dimensional CW-complex.
is obvious.
(2) => (3). Suppose {*,, . . . , xn, wx, ... , wm] forms a generating set for F * F. Then by the Inverse Function Theorem [1] , the Jacobian which has the form h oil A j\\ has a right inverse B. By a result of Kaplansky [6] , B is a two-sided inverse so that J has a right inverse. Theorem. Notation as above. The chain complex C" is realizable by a two-dimensional CW-complex if the Jacobian J has a right inverse.
Proof. By the above lemma, we have NFm F{wx, . . ., wm) = NF^ F{rx, . . ., rm).
Applying \p we get NF{WX, . . ., Wm) = R. Therefore if R denotes the cellular model of the presentation 61 = (xx, . . ., xn: Wx, . . ., Wm) for it, then the universal cover R of R realizes the given chain complex C". Remark 2. It is possible that there does not exist a presentation 9 with n generators and m relators. This would happen if the relation module R = ker 3, is generated by fewer than m elements. (See Dyer [4] .) Remark 3. Because both {xx,...,x",wx,...,wm} and {xx, . . ., xn, rx,. . . , rm)
form generating sets for the free group F * F, we can convert one set to the other using Nielsen transformations (see [5] ). This implies that P and R which are the cellular models of the presentations ^P and SI, respectively, have the same simple homotopy type. Example. Let m be the group Z5X Z5X Z5 generated by a, b, and c, and let C, be the chain complex License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
